In this paper, a semi-analytical method is adopted to analyze the free vibration characteristics of composite laminated shallow shells under general boundary conditions. Combining two kinds of shell theory, that is, first-order shear deformation shell theory (FSDT) and classical shell theory (CST), to describe the dynamic relationship between the displacement resultants and force vectors, the theoretical formulations are established. According to the presented work, the displacement and transverse rotational variables are transformed into wave function forms to satisfy the theoretical formulation. Related to diverse boundary conditions, the total matrix of the composite shallow shell can be established. Searching the determinant of the total matrix using the dichotomy method, the natural frequency of composite laminated shallow shells is obtained. Through several classical numerical examples, it is proven that the results calculated by the presented method are more accurate and reliable. Furthermore, to discuss the effect of geometric parameters and material constants on the natural frequencies of composite laminated shallow shells, some numerical examples are calculated to analyze. Also, the influence of boundary elastic restrained stiffness is discussed.
Introduction
The shallow shell is an open shell with a small curvature and radius of curvature compared with various shell parameters (i.e., length and width). With the development research into composite materials, composite laminated shallow shells are widely applied in some modern engineering practice with a high level of intensity and rigidity, for instance, petroleum equipment, aerospace equipment, and marine equipment. It is worth noting that the composite laminated shallow shells are typically operated under complicated environmental conditions and subjected to complex boundary conditions. So, it is particular importance to fully investigate the free vibration characteristics of composite laminated shallow shells with non-classical boundary conditions. Through many years of hard work by research scholars, some shell theories have been summarized, such as classical shell theory (CST) [1-3], first-order shear deformation shell theory (FSDT) [4, 5] , and high-order shell theory (HST) [6] [7] [8] [9] [10] . CST is the basic shell theory and is known as the simplest equivalent single layer, which is based on the Kirchhoff-Love hypothesis. To analyze the complex shell structure, some shell theories were developed along with some assumptions, such as Reissner-Naghdi's For the first time, the wave-based method is adopted to study the free vibration characteristics for a composite laminated shallow shell with general boundary conditions. According to the relationship between the displacement vector and force resultants, the governing equation of composite shells is established by FSDT and CST. By converting the displacement variable into a wave function form and the boundary matrices, the total matrix is established. Solving the root of the total matrix determinant using the dichotomy method, the natural frequencies of composite laminated shallow shells are calculated. To verify the correctness of the solutions by the presented method, the comparisons of the current solutions with the results in represented literatures are shown. Furthermore, the influence of material parameters and geometric constants, such as length to radius ratios, length to thickness ratios, modulus ratios, and elastic restrained constants, are discussed in some numerical examples. The main purpose of this paper is to provide a relatively new method for analyzing the free vibration characteristics of composite laminated shallow shells, which provides a new direction for composite laminated structure analysis. When studying the vibration analysis of the composite laminated shallow shell with general boundary conditions, it is easier to obtain the total matrix, and the boundary conditions are easy to replace. The advantages of the presented method lie in its simplicity, low computational cost, and high precision.
Theoretical Formulations

The Description of Model
In Figure 1a , the schematic diagrams of the composite laminated shallow shells under elastic restraint are shown. L x , L y , and h express the length, width, and thickness, respectively, of the composite laminated shallow shells. R x and R y indicated the principle curvature radii. In the middle surface of the model, a global coordinate (o-xyz) is established in the length, width, and thickness directions. For the kth layer of the composite shell, the distances of top and bottom surface to the middle surface are denoted as Z k+1 and Z k . For the elastic boundary conditions, there is one set of linear springs (K u , K v , and K w ) and one pair of rotational springs (K φx and K φy ), which set on two edges, x = 0 and L x . Through the changing of two pairs of elastic restrained springs, an arbitrary elastic boundary condition can be achieved. In Figure 1b , with the changing of the principle curvature radii, the composite laminated shallow shells have various types, such as plate (i.e., R x = R y = ∞), cylindrical shell (i.e., R x = R, R y = ∞), spherical shell (i.e., R x = R y = R), and hyperbolic paraboloidal shell (i.e., R x = −R y = R). For the first time, the wave-based method is adopted to study the free vibration characteristics for a composite laminated shallow shell with general boundary conditions. According to the relationship between the displacement vector and force resultants, the governing equation of composite shells is established by FSDT and CST. By converting the displacement variable into a wave function form and the boundary matrices, the total matrix is established. Solving the root of the total matrix determinant using the dichotomy method, the natural frequencies of composite laminated shallow shells are calculated. To verify the correctness of the solutions by the presented method, the comparisons of the current solutions with the results in represented literatures are shown. Furthermore, the influence of material parameters and geometric constants, such as length to radius ratios, length to thickness ratios, modulus ratios, and elastic restrained constants, are discussed in some numerical examples. The main purpose of this paper is to provide a relatively new method for analyzing the free vibration characteristics of composite laminated shallow shells, which provides a new direction for composite laminated structure analysis. When studying the vibration analysis of the composite laminated shallow shell with general boundary conditions, it is easier to obtain the total matrix, and the boundary conditions are easy to replace. The advantages of the presented method lie in its simplicity, low computational cost, and high precision.
Theoretical Formulations
The Description of Model
In Figure 1a , the schematic diagrams of the composite laminated shallow shells under elastic restraint are shown. Lx, Ly, and h express the length, width, and thickness, respectively, of the composite laminated shallow shells. Rx and Ry indicated the principle curvature radii. In the middle surface of the model, a global coordinate (o-xyz) is established in the length, width, and thickness directions. For the kth layer of the composite shell, the distances of top and bottom surface to the middle surface are denoted as Zk+1 and Zk. For the elastic boundary conditions, there is one set of linear springs (Ku, Kv, and Kw) and one pair of rotational springs (Kϕx and Kϕy), which set on two edges, x = 0 and Lx. Through the changing of two pairs of elastic restrained springs, an arbitrary elastic boundary condition can be achieved. In Figure 1b , with the changing of the principle curvature radii, the composite laminated shallow shells have various types, such as plate (i.e., Rx = Ry = ∞), cylindrical shell (i.e., Rx = R, Ry = ∞), spherical shell (i.e., Rx = Ry = R), and hyperbolic paraboloidal shell (i.e., Rx = −Ry = R). 
(a)
First-Order Shear Deformation Shell Theory (FSDT)
Kinematic Relations and Stress Resultants
This section is divided into subheadings. It should provide a concise and precise description of the experimental results and their interpretation, as well as the experimental conclusions that can be drawn.
According to the relationship between the displacement variables and rotation transverses of the composite shallow shells by FSDT, the displacement variables are shown as follows [13] :
where u0, v0, and w0 are the displacements of the arbitrary point along the x, y, and z directions, respectively, in the middle surface. ϕx and ϕy are the y and x axes transverse rotations, respectively, and t is a time variable. The linear strain relationship between the change strain and curvature in the middle surface under the assumption of small deformation is given as follows: 
First-Order Shear Deformation Shell Theory (FSDT)
Kinematic Relations and Stress Resultants
where u 0 , v 0 , and w 0 are the displacements of the arbitrary point along the x, y, and z directions, respectively, in the middle surface. φ x and φ y are the y and x axes transverse rotations, respectively, and t is a time variable. The linear strain relationship between the change strain and curvature in the middle surface under the assumption of small deformation is given as follows: 
The corresponding stresses expressed by the Hooke's law are as follows:
where Q ij (i, j = 1,2,4,5,6) are the transform coefficients and depend on material parameters; and the constants Q ij (i,j = 1,2,4,5,6), which are associated with the strains and stresses, can be expressed as follows:
where E 1 , E 2 are the Yong's moduli and µ 12 and µ 21 are the Poisson's ratios. By integrating the stresses and moments over the cross section and thickness, the relationship between the strains and curvature in the middle surface is given as follows: 
where {N xx , N xy , N yy } is the in-plane force resultant, {M xx , M yy , M xy } is the bending and twisting moment resultant, and {Q x , Q y } is the transverse shear force resultant. K c is the shear correction factor and the value is set as 5/6. Furthermore, the stretching stiffness coefficients, coupling stiffness coefficients, and bending stiffness coefficients are given as follows:
where N is the number of the layers. 
Wave Function Solutions
The theoretical equations of the composite shell based on FSDT are given as follows [13] :
where I i (i = 0, 1, 2) are the inertia mass moments. Submitting Equations (3) and (6) into Equation (8), the force vector and moment resultants can be transformed as displacement variables. Furthermore, the theoretical equations are follows:
where T ij (i,j = 1, 2, 3, 4, 5) are the operators of the matrix T in Equation (9) , and are shown as follows:
For certain cross-ply composite laminated shallow shells under shear diaphragm boundary conditions, which are set at the opposite supports y = 0 and Ly (u 0 = w 0 = φ x = N yy = M yy = 0), the generalized displacement variables are transformed in the wave function form as follows:
U 0 e ik n x sin(K y y)e −jωt V 0 e ik n x cos(K y y)e − jωt W 0 e ik n x sin(K y y)e − jωt Φ x e ik n x sin(K y y)e − jωt Φ y e ik n x cos(K y y)e −jωt
where K y = nπ/L y is the y direction modal wave number and k n is the wave number in the x direction. U 0 , V 0 , W 0 , Φ x , and Φ y are the corresponding displacement amplitude variables of the nth mode for the composite laminated shallow shells. Submitting the wave function solutions of the displacement variables into Equation (9) , the governing equation can be obtained as follows:
where L ij (i,j = 1, 2, 3, 4, 5) are the governing equation coefficients of Equation (12), given as follows:
The solutions of Equation (12) can be solved and the determinant of the matrix T equal to zero. The characteristics equation of axial wavenumber k n is shown as follows:
There is a fifth-order equation of k 2 n and λ 10 , λ 8 , λ 6 , λ 4 , λ 2 , and λ 0 are the coefficients, which depend on the coefficient matrix T. There are ten characteristic axial wavenumbers to be obtained as ±k n,1 , ±k n,2 , ±k n,3 , ±k n,4 , and ±k n,5 . Through the characteristic axial wavenumbers ±k n,i (i = 1, 2, 3, 4, 5), the corresponding basic solution vector is defined as follows:
The coefficients in Equation (15) are defined as follows:
where Ω and Ω i (i = 1, 2, 4, 5) are given as follows:
On the basis of the generalized displacement variables being transformed in the wave function form in Equation (11) , related to the basic solution vector in Equation (15) , the generalized displacement variables are shown in the matrix form: where δ n = {u, v, w, φ x , φ y } T is the generalized displacement resultant; Y n (y) is the modal matrix in the y direction; D n is the coefficient matrix of the displacement resultant; P n (x) is the axial wavenumber matrix; and W n is the wave contribution factor resultant. The detailed expression of them is given as follows: Y n (y) = diag sin K y y , cos K y y , sin K y y , sin K y y , cos K y y
ξ n,1 ξ n,2 · · · ξ n,ns−1 ξ n,ns η n,i η n,i · · · η n,ns−1 η n,ns 1 1 · · · 1 1 χ n,1 χ n,2 · · · χ n,ns χ n,ns−1 ψ n,1 ψ n,2 · · · ψ n,ns ψ n,ns−1
P n (x) = diag e ik n,1 x , e ik n,2 x , · · · , e ik n,ns−1 x , e ik n,ns x (21) W n = W n,1 , W n,2 , · · · , W n,ns−1 , W n,ns T (22) where ns is the number of characteristics roots of axial wavenumber in Equation (14). Also, the generalized force resultant f n = {N xx , N xy , Q x , M xx , M xy } T can refer to the constitutive relationship in Equations (3) and (6), as follows:
where the coefficient matrix F n of force resultant f n is given as follows:
Classical Shell Theory (CST)
Kinematic Relations and Stress Resultants
For the integrity of the paper, the governing equations and wave function solutions in the CST are given. On the basis of the theoretical technique of FSDT, the governing equation can refer to CST by setting the slope of the rotation components φ x and φ y close to the transverse normal, as follows [12, 13] :
Wave Function Solutions
In CST, the shear deformation in the kinematics equation is negligible, and the in-plane displacement can be expressed as a linear change in the thickness direction of the shallow shell. So, the governing equation can be given as follows [13] : 
Submitting the generalized displacement variables in CST, the governing equation can be expressed as follows:
where T ij (i,j = 1, 2, 3) are the operators, which are shown as follows:
For the generalized displacement functions of cross-ply composite laminated shallow shell with shear diaphragm boundary conditions, which are set as opposite support edges y = 0 and Ly (u 0 = w 0 = N yy = M yy = 0), the displacement variables can be shown in the wave functions form:
U 0 e ik n x sin K y y e − jωt V 0 e ik n x cos K y y e −jωt W 0 e ik n x sin K y y e −jωt Φ x e ik n x sin K y y e −jωt
Submitting Equation (30) into Equation (28), the governing equation can transform into the matrix form as follows:
where L ij (i,j = 1, 2, 3) are the governing equation coefficients, as follows:
Ry + k n 2 K y 2B 66
Next, the corresponding basic solution vector is set as {ξ n,i , η n,i , 1} T , and the detailed expression of the vector is given as follows:
where
On the basis of the basic solution vector, the displacement resultant δ n = {u, v, w, φx} T and force resultant f n = {N xx ,N xy + M xy /R y ,Q x + ∂M xy/ ∂ y ,M xx } T are expressed as follows:
where Y n (y) = diag sin K y y , cos K y y , sin K y y , sin K y y (36)
F n,11 F n,12 · · · F n,1ns−1 F n,1ns F n,21 F n,22 · · · F n,2ns−1 F n,2ns F n,31 F n,32 · · · F n,3ns−1 F n,3ns F n,41 F n,42 · · · F n,4ns−1 F n,4ns
in which the coefficients F n,ji (j = 1-4,i = 1-ns) are given as follows:
Implementation of the WBM
Through the introduction of the generalized displacement and force resultant, the final governing equations are assembled by the generalized displacement coefficient matrix, generalized force coefficient matrix, and boundary matrix. The final governing equation of the whole structure is defined as follows:
where F is the external force vector and is related to the external situation; when analyzing the free vibration dynamic, the external force F should vanish. W = {W 1 , W 2 } T is the wave contribution factor resultant of the composite shell, and W i = {W i,1 , W i,2 , . . . , W i,ns } T (i = 1, 2) is the wave contribution factor vector and is associated with the boundary conditions at x = 0 and x = L. K is the total matrix and the detailed expression of the matrix is shown as follows:
For the classical boundary conditions, the boundary matrix can be shown as follows:
where T δ and T f are the transform matrix of boundary matrix, as follows: Free edge (F):
Clamped edge (C):
FSDT :
Shear-diaphragm edge (SD):
CST :
For the elastic boundary conditions, the boundary condition matrix B 1 (x) and B 2 (x) are given as follows:
where K δ is the stiffness transform matrix and the detailed expression about it is as follows: When the composite shell is under elastic restraint in the axial direction, the stiffness transform matrix K δ is given as follows:
FSDT : CST :
where {K u , K v , K w } are linear springs and {K φx , K φy } are rotational springs, which are set in various directions. When the other displacements are under elastic restraint, the stiffness transform matrix K δ is given as follows:
v : FSDT : CST :
w : FSDT : CST :
Through the introduction of the boundary conditions B 1 (x) and B 2 (x), which include the classical and elastic boundary conditions, the total matrix K is established. When analyzing the free vibration characteristics, the external force vector F vanishes. When calculating the natural frequencies, a series of the total matrix determinant is obtained. Using the dichotomy method to search the zeros position of the total matrix determinant, the natural frequency will be obtained with each circumferential mode number n. Through the numerical dichotomy method when the sign changed, the location of the total matrix K determinant is calculated and the natural frequencies can be obtained. Furthermore, to analyze the free vibration characteristics of the composite laminated shallow shell with arbitrary boundary conditions, the shell structure is considered to be calculated as a whole model and the displacement variable solutions are set as infinite wave function forms; the convergence study of the truncated number does not need to be considered. Thus, the computational cost of the present approach is low.
Numerical Examples and Discussion
Through the description of the theory formulation with FSDT and CST, the free vibration characteristics of composite laminated shallow shell with arbitrary classical boundary conditions, elastic boundary conditions, and their combinations are analyzed by WBM. In this part, some numerical examples are listed to verify the correctness of the results by WBM through the comparison with the presented results. Also, some numerical examples are presented to study the influence of the material parameters and geometric constants on the natural frequencies of composite laminated shallow shells with general boundary conditions.
Composite Laminated Shallow Shell with Classical Boundary Conditions
In this section, the free vibration characteristics of composite laminated shallow shells with arbitrary classical boundary conditions are concerned. Through the introduction of the boundary transform matrix T δ and T f , arbitrary classical boundary conditions can transform into boundary matrices B 1 (x) and B 2 (x) to investigate the free vibration characteristics of composite shallow shell with classical boundary conditions. In order to verify the correctness of the calculation by the presented method, some numerical examples are selected for verification. At the same time, the selected material parameters and geometric parameters are consistent with the examples in the comparative literatures.
First, the composite laminated shallow shell with full shear diagram boundary condition is concerned. In Tables 1 and 2, the fundamental frequency parameters Ω = ωL 2
x ρ/E 2 h 2 for three type cross-ply composite laminated shallow shells (i.e., cylindrical shell, spherical shell, and hyperbolic paraboloidal shell) with various radius to length ratios R y /L y (i.e., R y /L y = 2, 5, 10) under Shear-diaphragm boundary condition (SD-SD) by FSDST and CST are presented. Three kinds of cross-ply type layered composite shells (i.e., [
The material parameters and geometric constants are given as follows:
The presented results compare with the results by Qatu [13] and Shao et al. [22] . From Tables 1 and 2, the presented results by WBM match well with the results in the presented literatures. The maximum divergence is −4.61% with the situation R y /L y = −1 for the [90 • /0 • ] cross-ply composite laminated paraboloidal shell. It is obvious that the errors in Table 2 by CST are lower than the errors in Table 1 by FSDT. Also, from Table 1 , it can be found that, with the radius to length ratios R y /L y from 2 to 10 for the composite shallow shell with the lamination schemes 0 • /90 • /90 • /0 • and 0 • /90 • , the errors between the solutions by the presented method those of the the results in the literature by Quta are generally growing. This is caused by the curvature effect, which is not well predicted by shallow shell theory, thus full shell theory should be considered. Furthermore, when the parameter (R x /R y ) decreases from 1 to −1, the fundamental frequency parameters for the composite laminates are lower. It can be observed that the fundamental frequency parameter Ω for the composite laminated spherical shell is higher than that for the cylindrical shell and hyperbolic paraboloidal shell. In the next part, the fundamental frequency parameters Ω of a composite laminated plate with SD-SD boundary conditions are compared with the results by Qatu [13] in Tables 3 and 4 . In Table 3 , two types of layered cross-ply composite laminated plates (i.e., [0 • /90 • ] and [0 • /90 • /90 • /0 • ]) by FSDT and CST are investigated with various length to thickness ratios L y /h (i.e., L y /h = 5, 10, 20, and 100). The material constants and geometric parameters are set as follows: Table 3 , it is clearly seen that the results by the presented method agree well with the solutions in the presented literatures. Also, with the growing of the length to thickness ratios L y /h, the fundamental frequency parameters are decreased for the two types of layered cross-ply composite laminated plates by different theory. Particularly, the fundamental frequency parameter is basically unchanged with [0 • /90 • /90 • /0 • ] cross-ply composite laminated plate by CST. Furthermore, three types of layered cross-ply composite laminated plates (i.e., In the next part, the fundamental frequency parameter Ω of the composite laminated shallow shell under classical combination boundary conditions is discussed. In Tables 5 and 6 , the composite laminated shallow cylindrical shell and spherical shell with various classical combination boundary conditions (i.e., F-F, F-S, F-C, S-S, S-C, C-C) are investigated by FSDT and CST. Two types of layered lamination schemes (i.e., [0 • /90 • ] and [0 • /90 • /0 • ]) and radius constants (i.e., R = 5, 20) are discussed. The material constants and geometric parameters are defined as follows: L x = 1 m, L y /L x = 1, E 2 = 7 GPa, E 1 /E 2 = 25, G 12 = G 13 = 0.5E 2 , G 23 = 0.2E 2 , µ 12 = 0.25, ρ = 1650 kg/m 3 . Also, the fundamental frequency parameters Ω are compared with the solutions in the represented literature by Qatu [13] . From the comparison of the results by the presented method and represented literature, it can be seen that the errors obtained by the two different methods are small. The maximum error of 3.62% appears in the situation with [0 • /90 • /0 • ] composite laminated cylindrical shell (FSDT, R = 5) with F-F boundary condition in Table 5 . Furthermore, the maximum error is 3.71% in Table 6 for the [0 • /90 • ] composite laminated shallow spherical shell (CST, R = 20) with the F-F boundary condition. For various boundary conditions, the maximum parameters Ω appear when the composite shells have the C-C boundary condition. Simultaneously, the minimum frequency parameters emerge with F-F for several lamination schemes and shell theory. So, the composite laminated shallow shells with arbitrary classical combination boundary conditions by WBM can be verified through the presented numerical examples. In order to further investigate the free vibration characteristics of composite laminated shallow shells with arbitrary combination boundary conditions, some mode shapes (n, m) of the composite laminated cylindrical shell and spherical shell are shown in Figures 2 and 3 , respectively. The mode shapes for the composite laminated shallow cylindrical shell with various boundary conditions. (a) C-C,(1,1); (b) C-C,(1,2); (c) C-C,(1,3); (d) F-C,(1,1); (e) F-C,(1,2); (f) F-C,(1,3); (g) F-F,(1,1); (h) F-F,(1,2); (i) F-F,(1,3); (j) F-S,(1,1); (k) F-S,(1,2); (l) F-S,(1,3) ; (m) S-C,(1,1); (n) S-C,(1,2); (o) S-C,(1,3 In this section, the influence of the length to thickness ratio Lx/h and length to radius ratio Lx/Rx on the fundamental frequency parameter Ω is discussed. In Tables 7-9, the fundamental frequency parameter Ω for three types of the layered (i.e., [0°/90°/90°/0°], [0°/90°], and [90°/0°]) composite In this section, the influence of the length to thickness ratio L x /h and length to radius ratio L x /R x on the fundamental frequency parameter Ω is discussed. In Tables 7-9, the fundamental frequency parameter Ω for three types of the layered (i.e., [0 • /90 • /90 • /0 • ], [0 • /90 • ], and [90 • /0 • ]) composite laminated shallow cylindrical shell, spherical shell, and hyperbolic paraboloidal shell with SD-SD by FSDT and CST is discussed. The material parameters and geometric constants are defined as follows: L x = 1 m, L y /L x = 1, E 2 = 7 GPa, E 1 /E 2 = 15, G 12 = G 13 = 0.5E 2 , G 23 = 0.5E 2 , µ 12 = 0.25, ρ = 1650 kg/m 3 . Especially with the composite laminated shallow shells with L x /R x = 0, the composite shells are transformed into the plate form. From Tables 7-9, with the growing of length to radius ratio L x /R x (i.e., L x /R x = 0, 0.1, 0.2, and 0.5), the fundamental frequency parameters of the composite cylindrical and spherical shell generally grow for various length to thickness ratios L x /h, lamination schemes, and shell theories. Simultaneously, the fundamental frequency parameters of the composite laminated hyperbolic paraboloidal shell are generally decreased with the changing of the length to radius ratio L x /R x . It can be clearly seen that, for different laminated schemes and shell theories, when the length to thickness ratio L x /h = 0.01, the fundamental frequency parameter of various composite laminated shallow shells increases significantly. Relatively, when L x /h = 0.1, the frequency parameter increases a little and remains within a stable range. To further investigate the effect of the length to thickness ratio L x /h on frequency parameters Ω of the composite shallow shell, the variations of the frequency parameter Ω for composite shells with SD-SD boundary conditions, with respect to diverse length to radius ratios L x /R x and length to radius ratios L x /h, by FSDT and CST are shown in Figures 4 and 5. It can be seen that, for different laminated schemes, shallow shell structures, and shell theories, as the length to thickness ratio L x /h increases, the fundamental frequency parameters Ω gradually decrease. At the same time, it can be seen that, for the composite laminated hyperbolic paraboloidal shell, the variation of the fundamental frequency parameters Ω is small and the effect of the length to thickness ratio L x /h is not particularly obvious. In the previous numerical example, the effect of geometric parameters on the fundamental frequency parameters is discussed. In this part, the influence of the material parameter on the frequency parameter is investigated. In Tables 10 and 11, the fundamental frequency parameter for composite laminated shallow spherical shells with various length to radius ratios L x /R x , modulus ratios E 1 /E 2 , and boundary conditions (i.e., SD-SD, F-F, and C-C) are discussed by FSDT and CST. The material parameters and geometric constants are given as follows: L x = 1 m, L y /L x = 1, h/L y = 0.1, E 2 = 7 GPa, G 12 = G 13 = 0.5E 2 , G 23 = 0.5E 2 , µ 12 = 0.25, ρ = 1650 kg/m 3 . It can be clearly seen from Tables 10 and 11 that the fundamental frequency parameter Ω generally grows with the changing of modulus ratios E 1 /E 2 from 5 to 40. To further reflect the impact of modulus ratios E 1 /E 2 on fundamental frequency parameters, the variations of the fundamental frequency parameter Ω for composite spherical shells with various boundary conditions with respect to multiple length to radius ratios L x /R x and modulus ratios E 1 /E 2 by FSDT and CST are shown in Figure 6 . Therefore, it can be concluded that the modulus ratios E 1 /E 2 has a significant effect on the fundamental frequency parameters of the composite spherical shell and plays a positive role. Different boundary conditions cause the stiffness matrix to change. For the free boundary condition, the determinant of the stiffness matrix increases with respect to the clamped boundary condition, and when the mass matrix remains unchanged, the natural frequency increases. In the previous numerical example, the effect of geometric parameters on the fundamental frequency parameters is discussed. In this part, the influence of the material parameter on the frequency parameter is investigated. In Tables 10 and 11 , the fundamental frequency parameter for composite laminated shallow spherical shells with various length to radius ratios Lx/Rx, modulus ratios E1/E2, and boundary conditions (i.e., SD-SD, F-F, and C-C) are discussed by FSDT and CST. The material parameters and geometric constants are given as follows: Lx = 1 m, Ly/Lx = 1, h/Ly = 0.1, E2 = 7 GPa, G12 = G13 = 0.5E2, G23 = 0.5E2, μ12 = 0.25, ρ = 1650 kg/m 3 . It can be clearly seen from Tables 10  and 11 that the fundamental frequency parameter Ω generally grows with the changing of modulus ratios E1/E2 from 5 to 40. To further reflect the impact of modulus ratios E1/E2 on fundamental frequency parameters, the variations of the fundamental frequency parameter Ω for composite spherical shells with various boundary conditions with respect to multiple length to radius ratios Lx/Rx and modulus ratios E1/E2 by FSDT and CST are shown in Figure 6 . Therefore, it can be concluded that the modulus ratios E1/E2 has a significant effect on the fundamental frequency parameters of the composite spherical shell and plays a positive role. Different boundary conditions cause the stiffness matrix to change. For the free boundary condition, the determinant of the stiffness matrix increases with respect to the clamped boundary condition, and when the mass matrix remains unchanged, the natural frequency increases. 
Composite Laminated Shallow Shell with Elastic Boundary Conditions
The composite laminated shallow shell with elastic constraint is widely encountered in many engineering applications. So, analysis of the composite shallow shells with such an elastic boundary Frequency Parameter Length to radius ratios L 
Frequency Parameter
Length to radius ratios L x /R x Frequency Parameter Length to radius ratios L x /R x 
Length to radius ratios L x /R x 
Composite Laminated Shallow Shell with Elastic Boundary Conditions
The composite laminated shallow shell with elastic constraint is widely encountered in many engineering applications. So, analysis of the composite shallow shells with such an elastic boundary condition is necessary and significant. Therefore, in this section, the free vibration characteristics of the composite shallow shell with elastic boundary conditions are discussed.
In this section, the effect of the restrained springs on the frequency parameter of the certain cross-ply composite laminated shallow shells is discussed. The certain cross-ply layered [0 • /90 • ] composite laminated shallow shells with S-elastic boundary conditions are concerned by FSDT. For the elastic restrained edge, there is only one set of spring component on one displacement or transverse rotational direction and the range of stiffness constants is defined as 10 0 -10 12 . The material parameters and geometric constants are defined as follows: L x = 1 m, L y /L x = 1, R x /L y , E 2 = 7 GPa, E 1 /E 2 = 25, G 12 = G 13 = 0.5E 2 , G 23 = 0.2E 2 , µ 12 = 0.25, ρ = 1650 kg/m 3 . In Tables 12-16 , the lowest two frequency parameter Ω for the composite shells with S-elastic boundary conditions by restrained spring components K u , K v , K w , K φx , and K φy for a certain circumferential number of n = 1 is calculated. 
In Tables 12 and 13 , when the certain cross-ply composite laminated shallow shells are only restrained in the direction of u and v, the frequency parameters generally increase with the various composite laminated shallow shell forms. Also, the increase in frequency parameters is small and basically remains within a stable range. Correspondingly, when K u = 10 6 , the frequency parameter starts to increase slightly, and when K u = 10 10 , the frequency parameter remains basically unchanged. When the composite laminated shallow shells are under the elastic restraint K w in Table 14 , the frequency parameters Ω are generally decreased with the growing of the spring stiffness from 10 0 to 10 12 . In particular, for the hyperbolic paraboloidal shell, the frequency parameter increases less than that of the other composite laminated shallow shell forms. For the effect of transverse rotational spring stiffness on the frequency parameter of composite laminated shallow shells, Tables 15 and 16 show the changing rule of the frequency parameters with the growing of the stiffness constants for K φx and K φy . In general, as the stiffness constants K φx and K φy continue to increase, the frequency parameters corresponding to each structure tend to increase; at the same time, the main change region of the frequency parameter is between K φx,y = 10 4 -10 10 . However, when K φx,y = 10 7 , there will be some jitter in the frequency parameters, which suddenly increase or decrease. Therefore, as the elastic restrained stiffness constants in different directions increase, the frequency parameters of various composite shell forms are gradually increasing and have different change regions. Furthermore, the variations of the frequency parameter with the changing of the stiffness constants are shown in Figures 7-11 . 
Conclusions
A semi-analyzed method is conducted for the free vibration characteristics of composite laminated shallow shells with general boundary conditions, including classical boundary conditions, elastic boundary conditions, and their combinations. Through the relationship between the displacement vector and force resultants, the formulations are established related to classical shell theory (CST) and first-order shear deformation shell theory (FSDT). According to diverse boundary conditions, the boundary matrix and the total matrix of the composite shallow shell will be established. Through the dichotomy method to search the zeros position of the total matrix determinant, the natural frequency can be obtained. Correspondingly, some numerical examples are calculated and the conclusions can be summarized as follows:
First, by comparing the solutions by the presented method with some reported literature results, the correctness of the calculation for the free vibration characteristics of composite laminated shallow shells with classical boundary conditions, elastic boundary conditions, and their combinations can be proven.
Second, some numerical examples are extended to investigate the influence of material parameters and geometric constants, like length to radius ratios, length to thickness ratios, and modulus ratios, on the frequency parameter. It can concluded that different material and geometric parameters have different influence factors on frequency parameters. Simultaneously, changing laws obtained by various composite laminated shallow shell structures are not consistent.
Finally, the effect of boundary elastic restrained stiffness on the natural frequency parameters is discussed. By changing the value of the spring stiffness in different displacement directions and transverse rotation from 10 0 to 10 12 , the variation of the frequency parameter with the elastic restrained spring stiffness constants is obtained. It can be seen from numerical analysis examples that the different elastic constants have a positive effect on the frequency parameters and have a certain effect on the increase of the frequency parameters. Simultaneously, the effect of each spring stiffness constant has its own influence range.
